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ABSTRACT 


Pulse compression filters are used extensively in 
modern radar systems. The nature of output waveforms from 
dispersive delay pulse compression filters driven by spe- 
cific matched input waveforms has been studied in great 
detail for these radar applications. However, little work 
has been done to generalize these results. This paper 
obtains an expression for the filter output in terms of 
arbitrary input signals, Several particular input waveforms 
are analyzed using an ideal filter with assumed specific 
characteristics. In an attempt to indicate trends, differ- 
ent pulse widths and linear frequency modulation rates are 
assumed for the pulse shapes chosen. The resulting output 
envelopes are plotted graphically. 
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lá introdwetion, 

The development of radar, starting prior to World War 
Il, and continuing to the present, has fostered many concepts 
in the areas of data vrocessing and signal design. Early 
systems used single R-F pulses for echo ranging. Range was 
necessarily limited by average power transmitted, necessitat- 
ing long time duration pulses for long detection ranges, 
Unfortunately, range resolution decreases as pulse width 
increases. Initial attempts to resolve this conflict were 
merely extensions of the basic single pulse approach:  In- 
Crease peak power, thereby increasing average transmitted 
power anà hence range, without increasing pulse width or 
degrađing range resolution, 

The limitations of this approach were obvious. Thus 
much effort was, and still is, being directed foward a 
better understanding of the basic factors leadins to opti- 
mum performance of radar systems. This led to the concept 
of matched filtering. This involves the "design" of an in- 
put signal which is constrained or "matched" to the receiver 
system so as to minimize apparent pulse width, maintain aver- 
age signal power and maximize signal to noise ratio. The 
technique of designing an echo ranging system employing a 
long time anration, frequency modulated signal, and a matched 
receiver to "compress this signal is the chirp concept. 
This concept was arrived at independently by several men, 
among them Dicke |l] , and Darlington [J. Their work, conducted 


inäependently in the early 1950's, represented an attempt to 
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define theoretical performance limitations in pulse radar 
systems. This led to U.S. Patents being issued to the two 
men in January,1953 and May, 1954 respectively. Their 
theoretical work was extensively developed and given practi- 
cal application by Klauder [3. at Bell Telephone laboratory 
and Cook[hjat Sperry Gyroscope Company, among others. 

That this is one practical approach to the radar prob- 
lem is evidenced by the many operational systems in existance 
today which utilize its concept (51. However, this general 
concept has benefits throughout the fields of radio communi- 
cations and data processing. 

The nature of output waveforms obtained from these 
dispersive delay lines driven by specific matched input wave- 
forms has been studied in detail for radar applications, 
Little work, however, has been done to generalize these 
results. This paper obtains an expression for output wave- 
forms from the filter in terms of a general input sienal. 
Thus, while it is not the intent here to present any new 
uses for the chirp filter or dispersive delay line, the 
nature of this analysis should be useful to those concerned 
with such applications. 

The first portion of this paper 18 devoted to the deri- 
vation of a general expression for the waveform out of a 
pulse compression filter in terms of an arbitrary time enve- 
lope input. This results in a formal integral equation, 


equation (6). 


As examples, several inputs, some matched to the filter 
and others mismatched, are then examined in some detail, 
using an ideal filter with specified characteristics. The 
mathmatical functions derived for output envelopes of these 
examples are plotted as figures (4) through (17). In an 
attempt to indicate trends and allow interpolation between 
curves, several different pulse widths and linear frequency 
modulation rates are chosen. 

No attempt is made to examine output phase characteris- 
tics in detail. However the analytical expressions for 
phase, as a function of time, are derived for completeness, 

several general observations and interpretations of 
output characteristics are offered in the Conclusions and 
Interpretations section. 

Derivations for output expressions for the specific 


input examples chosen are included as Appendices I and ITI. 


2 Analysis and Results. 

An expression for the output waveform of the dispersive 
filter in terms of the input time function and the filter 
characteristic will now be derived. Figure (1) illustrates 


the problem in simple form. 





Figure 1. Indication of the parameters 
of interest, 


Given an input function s(t), passing through a linear 
filter having impulse response h(t), it is desired to obtain 
an expression for the output, g(t). Since the filter is a 


linear device, this can be expressed as 


G (co) = Su) hl (uo) O) 


where G(w) and S(w) are the Fourier transforms of the output 
and input time functions respectively, and H(“W) is the filter 


transfer function. That is 


0 
+ I du (2) 
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and 
۱ 
a) = zw ۱ es e! 
- 0 


Then from (1) and (2) 


os 


g(t) = an J sew ٣ ۴ء (ص)‎ Mots (3) 


As noted in the introduction, expressions for g(t) have 
been obtained for particular input functions by Klauder(í3], 
Cook [4], and Fowlelól. An expression for the output for an 
arbitrary input signal is dcm coe 

In general, the transfer function of a linear filter is 


complex and can therefore be written 


د)6 
چو ۔- یت 


where |H(w»)| is the magnitude and (د)ق‎ is the phase of H(w). 


For a disnersive filter 

0 (0) = 12.00. 
where ™ is the center frequency at which no phase shift 
(no time delay) is introduced by the filter, and k is the 
rate of change of time delay with frequency. The time delay 
is then given by 


O (u>) 1 Ww owe‏ ل 
Tia) d 7 k‏ 





This relation is shown graphically in figure (2). 
The input time function is defined as 


(+) 
eye fre : 


EL 





Figure 2. Plot of time delay r,, versus 
input frequency we 


where f(t) is the time phase and f(t) is an arbitrary time 
function. It will simplify the mathematics if, at this 


point, ¢(t) is defined as 


plt: vt+ ++“ 


The instantaneous frequency wi is then Y or 


wi = ua, + kt 
From (3), the output time function is 


e u 
g(t) sin [seo exp | ]می ا اسحا‎ رس٤]‎ dw 


١ A ut وین‎ T) 
g (6) = ER ار‎ © e fire dr dw (4) 
‘oo Ezo 


where r is a variable of integration, (It should be pointed 
outfthat g(t) will, in general, be a complex function. The 
physical output time function is obtained by taking the real 


part of e(t).) 
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Exchanging the order of integration yields 


(e - T) <‏ هاش 2 . m‏ مه 
o0 wit (3. 22 2”) Lk — + ]‏ ۱ 


JE e e dw dt‏ دي د 


00 - ورم - 


which can be expressed as 


` N ` 
MEME ۳ n(e -Y?] 
سل"‎ IX 1 
e 


ő lt) 2 چا‎ gue dwdr 


Letting Rku= w-w+klt-r) and performing necessary algebraic 


manipulation gives 


a 
[zx ¡(mat Gt ۱ با هر‎ E 
q(t) = an € fine Er 
on ."eo 
Recognizing that 
eb + 2 iL 
y LA z 
Te رل‎ mes (5) 
v CW 
the output becomes 
¡(ot - -Xt 3) (wm - we + ۳ 
R 3 
git) = Y." € LI dr 


Realizing that the term (w.-w.) represents merely a constant 
phase shift through the filter, w, may now be set equal to u 
with no loss of generality. 


Carrying out this substitution gives 


(wet -Yt*+F) vr" T 
TEES e : | Jr ( &) 
By defining F(w) as the Fourier transform of f(t), the 


output may be written 


(1 (wet. Xt ) 
EE e s : F (-kt) (1) 
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This result shows that for an input signal which con- 
sists of an arbitrary envelope, f(t), and a carrier which is 


being frequency modulated in a linear fashion, i.e. 


Q(t) = wet + ۳ 


the output of the filter consists of an envelope whose time 
function may be thought of as the Fourier transform of the 
input, with variable (-kt) replacing the more familiar (w), 
and a carrier which 15 being frequency modulated at the same 


rate as the input, but in the opposite sense, i,e. 


D, (t) = Wet S= St 


In particular, two cases of interest have been rather 
extensively investigated: (1) When the input envelope is a 
rectangular pulse of duration 2T(7], and (2) When the input 


envelope is gaussian [6], i.e. 
Fat 
f(a) = e 
This form of the output, equation (6), can be checked 
by using results obtained previously by others. 


Applying (6) to case (1) gives 


‚ner‏ مک سا 
í (+) e Ar‏ 


-00 


a (+) 212 e 


Substituting 


TEET 
ft) ۴ 


O elsewhere 
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gives 


2 
۱ جنر بے‎ k tT 
ns TI 5 d? (3) 


g(t) = 
ET 


which when intesrated yields 


Kk ر‎ 
- 548) sin kTt 


* دا ) ر 
g(t) = 7 © < (9)‏ 
and agrees with results of Chin [7].‏ 


For case (2) 


te 
at 


f= e 
Again applying equation (6) 


K 


J (lot = Si š) a net 
g lt) =lír € e e ar 


„ch 


which when integrated gives 


y (we + E N 
q (ti= E AT e i (10) 


It is seen that the output envelope is also gaussian 
which agrees with Fowle, et.al. [6]. 
Another waveform is now considered to indicate the 


general nature of the derived expression. Let 


I > + > ía 
(+)؟‎ - E 7 | Lo << We 


O else where 


then from (6) 


¿Y 


I 
: Lw) 
7 „ro, ' <t 
(t) 15 E Eas ۶ es ۳7ھ‎ 
3 > 
L 


i 


which after integration and suitable algebraic manipulation 


may be expressed as 


جا رز ما 
Jiwet-$t tx T‏ ہم 
ve‏ : کد«( )و 


wi" = (k +)* EN 





Figure (3) shows the three output envelopes plotted as time 
functions with pulse width, T, and filter constant, k, as 
parameters. Figures (4), (6), and (8) respectively show 
the three cases for Varying pulse widths and a particular 
value of filter constant. 
Mismatched Input Signals 

The previous development has considered cases where 
the input signal was matched to the filter. That is, the 
carrier was being linearly frequency modulated at a rate 
equal to the filter constant If the derived output 
expression is to have general application, it should be 
useful also for input signals which are not matched to the 
filter. The input for the preceding analysis was specified 


as 


Ke)‏ 3 +وسا)ر 


s(t)= f(t) e 


For Inputs Of the Torn 


st) 
stedz ۱ lr 


‘A filter is said to be matched to a particular sig- 
nal if the filter transfer function is the complex conjugate 
of the signal, The dispersive filter with transfer function 
H(vs) = e Á— is thus matched to an input of the form 
s(t)-Fm@e’"**" , as shown by Chin and Cook [7], where 
f(t). 1 -Ts*sT and O elsewhere. 
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۱ k PSA 
= N 
58 wN 
چک‎ ` ae 
یہہ‎ N 
K STN 
> v i 


yodıı << | 6 فا د‎ po! 





. ' 
J jp 77047 ۹پ ۶ ا‎ 1 77٤7 


Or 


& £t) 
ot + 
yw 3 مر‎ ۷ 


6 )( 2 y (+) e 
then f(t), which is an arbitrary time function, can be 


defined as 

Loy x (+) ie 
Then 

E 
and the expression obtained in (6) is thus applicable to 
cases where the input signal is not matched to the filter. 
Similarly, for different modulation rates, f(t) may be 


expressed as 


(AA - K) 


t 
i^t 


uto e?‏ «(ع)ع 
giving an input‏ 

SS 2 er 
The problem becomes one of evaluating the right side of (6). 
Fortunately, there is a large class of useful functions 
where this evaluation is not only possible, but quite 
direct. The three envelope shapes previously considered 
belong to this class. 

Constant Frequency Carrier Inputs. 
The case where the input signal is a constant frequency 

carrier having a rectangular pulse envelope will now be 
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considered. Let 
سوا کم‎ 


- J 
Cce)= x(t) e 
X(t) = E elsewhere 


Then 

< (4) = E 
Applying (6) 
oes Ma [. aM (٨ 


(12) 


Completing the square in the exponential 


T GE 
DR yC uti) “+8832 ۷٦ 
ely lin € e کا‎ 


-T 


Then substituting 9 عا‎ 15 )*-+( 
Ma (T-t) 
¡(uo t + Ë) 


g(t) = Fe e? du (13) 
-fH (Trt) 
The real part of the output is expressed as an envelope 


e» fad] = Cl] + e cR a-o) (14) 


and a phase tern 


b(t) = wet a T كم‎ MIN e [foe] + < [toy [Ree (15) 
s [fcr] «s [Ren] 
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where C(x) and S(x) are the Fresnel cosine and sine inte- 
grals respectively defined as 
X 
CON = f و‎ ٤ 
e 


۷ 


Tr‏ سس 
we [st 3 4۲‏ 
۵ 


A plot of the real envelope of g(t) for varying pulse widths 
is shown in figure (5), 

If the input envelope is gaussian rather than rectan- 
gular, and the above analysis is applied, the resulting 
output envelope is also gaussian and of the form 

> 1 


وى ia‏ سای لت نی تزور رن 


Again, taking the real part of the envelope and phase yields 


ex) v] 
223 yae e> 
E a [s Gy] >1 إ +“ہ)‎ E - : (13) 
and 
$G)5 wet-(!* و( سک‎ an) (18) 


For the case of a half cosine wave W 


tos vite 
S(t) = [< 


the output becomes 


b 
\ ¡(Wet + دي ۾‎ wit -)iu- ~ywit A 
a(t) = چم‎ € 893 ۳۰ du مهم د‎ JE (49) 
GA 


۱ دا‎ -Z 


peo 


where 
a = £( اس‎ 15 ] + - ٩ - E 
0+070 +0 
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Derivations of the above expressions are shown in 
Appendix I. The resulting outputs are plotted in ĉi ‘ures 
(7) and (9) respectively. 

Mismatched Linear FM Inputs 

The two special input functions, constant carrier fre- 
quency and matched linear frequency nodulated carrier have 
been examined. It is now appropriate to look at inputs in 
which the carrier is linearly frequency modulated at a rate 
different from the filter constant. The filter transfer 


function remains 


( Y E tdo > f 
) werten 
Hoss € DS 


But the input is now defined as 


yl 
(wet + Zt?) 
SAS ylt) e! j 


where y(t) is an arbitrary time function. The instantancous 


carrier frequency for s(t) is then 


wor Mt‏ = الما 


This type o^ 'nnut can be separated into two classes; 
vheser Inputs CO 1010315 1655 than وک‎ 11 1077 
which » is greater than k. A detailed analysis of both 


cases is shown in Appendix II where y(t) is defined as 


1 -T “eer 
y(t) = lo a ls dul و‎ 


The results are included here to indicate filter behavior, 


EE 


For the case p less than k, the output is 
i keer b ` 
` ES ) ار‎ 
q(t) = ca ü a W x fe í du. pe sk (20) 


O. 


where 
ER kt ems "t 
Bee a) tee pO کت‎ 
giving an envelope 


Enig) F تع‎ [ c(b) - c (a) em 


and phase 


ci) S| 


$G) = wet - (1- mre. E ak am cE (21) 


Figures (10) through (17) show output envelopes for varying 
pulse widths and values of 4 between k and -k. If pm is set 
equal to zero, the resulting expression for g(t) should 
agree with equation (13) (constant frequency rectangular 
envelope input). Carrying out this substitution, the out- 
put reduces to 

va = kelit | N 


where 


als - [5 (7+4) b š ls [r= t) 


which shows the analysis is consistent at this point. For 
the same function y(t) but for U greater than k, the output 
becomes 


i رو‎ ft 
ales ñ TT Hp Gen [as ٨۸ «٢ (23) 
La 


a 
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where 


K Š L 
“aa > | = <)? سا‎ ==! b = [e ۶کی۶‎ 0 


A somewhat surprisins result is that the output envelope 
depends only on|k-m| and not on the sign of this difference, 


lv 


1 TE 
زه‎ ee rs س آلے مرحم ۔‎ 


where C(x) is the Tresnel cosine integral as previously 
defined. The difference in the outputs for the two cases 


lies only in the phase of the carrier. 
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p Conclusions and Intrepretations. 

Thus far, this paper has developed mathematical 
expressions for the chirp filter output waveforms, These 
expressions are useful to the extent that they permit 
interpretations of the outputs in terms of physical appli- 
cations. Some of the properties of the output waveforms, 
available through examination of the expressions and their 
associated graphs, are presented here, 

Figures (5a), (7a) and (9a) show output envelopes for 
relatively wide input envelope of the three shapes previ- 
ously considered. The carrier frequency of these envelopes 
is held constant throughout the pulse, i.e.; the input sig- 
nal is purposely mismatched to the filter, The character- 
istics of the filter are such that if a pure sinusoid is 
used to drive the filter, the only difference between input 
and output waveforms is a phase shift proportional to the 
freauency of the sinusoid. For a constant carrier frequency 
pulse of long duration, the major contribution to the fre- 
quency spectrum is the carrier frequency itself with only 
minor portions due to the amplitude nodulation of the pulse 
envelope, independent of its shape. Thus for long pulses 
it is reasonable to expect that the output waveform from 
the filter should approach the input. In the limit as T 

lThe principle of time-bandwidth product invariance 
would indicate that, as time duration of pulse increases, 
energy content in the frequency spectrum becomes concen- 


trated in a narrowing frequency region about the carrier 
frequency, 
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approaches co the two are identical and filter is just a 
delay line. Referring to figures (5a), (7a), and (9a), 
this anpears to be true. The outputs for 100 microsecond 
half pulse width inputs bear a greater resemblance to these 
inputs than the 10 microsecond or even 50 microsecond half 
pulse widths. However, as expected, this difference is not 
as noticeable in the gaussian case, where amplitude modula- 
tion effects are minimized (a characteristic of the gaussian 
envelope). 

Figures (4d) through (9d) show the output envelopes 
for very narrow input pulse widths. In this case the major 
frequency components in the waveform are due to amplitude 
modulations rather than carrier frequency variations. For 
very narrow pulses with similar maximum amplitude, the fre- 
quency spectrum, to a rough approximation, changes only 
slightly with pulse shape. This being the case, the output 
pulse shape should remain approximately the same for all 
narrow input pulse shapes providing the energy content is 
of the same order of magnitude, and | aximum amplitudes and 
pulse widths change but little. Also, vhen the pulse is 
narrow, the carrier frequency changes within the pulse are 
small, even when the carrier is being linearly frequency 
modulated. Thus, whether the input signal is matched or 
mismatehed to the filter, the slov variations in the output 
will be only slightly affected. Comparing fisure (4.4) with 
(54) and figure (8d) with (9d) respectively, it is noted 
that the fine structure apparent in the output for the 


2) 


mismatched case disappears in the matched case, yielding a 
sort of "envelope of the envelope" output, The actual rea- 
son for this phenomenon escapes the rather simple mathemat- 
ical derivations presented here. However, the more detailed 
analysis of the rectangular pulse, which includes interme- 
diate stages between constant carrier frequency pulses and 
matched frequency modulated carrier pulses, indicates a 
possible explanation. As the input approaches a matched 
input, the output envelope oscillations become so rapid 
they disappear altogether, leaving only the slowly varying 
waveform shown in figure (4d). Due to characteristics 
inherent in the gaussian envelope, e.g. having a finite 
value for all time, it does not exhibit this property which 
is apparent in the time limited envelopes. However, the 
output envelope for a narrow gaussian envelope input cer- 
tainly resembles closely the slowly varying portion of the 
output for the rectangular pulse and the half cosine pulses, 
The output for a gaussian input envelope also exhibits 
other interesting properties. As shown in equations (11) 
and (16) and in figures (5) and (7), the output envelope, 
when the filter is driven by a waveform with a gaussian enve- 
lope, is always gaussian, This is true whether the carrier 
frequency is constant or is being linearly frequency modu- 
lated. Though it does not appear intuitively obvious that 
all the frequency components will be combined within the 
filter to yield this result, it can be predicted once enua- 
tion (6) is obtained. One interesting property of a gaussian 
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pulse is that its Fourier transform is also a gaussian 
pulse. Equation (6) indicates that the chirp filter can 
be regarded as giving an output whicn is the Fourier trans- 
form of the input. Thus for a gaussian envelope input, it 
would be expected that the output envelope would be gaussian, 
During this study two points which might be of partic- 
ular interest at the present time were uncovered: an insight 
into the effect of doppler shift in returning radar signals 
on receiver output; and the possible use of a dispersive 
delay line of the chirp filter type as a spectrum analyzer, 
11 is 065 3118,18 ficures (T0) thru (17) and 
comparing equation (9) with equation (10) that mismatched 
signo inputs will airect the output signal, 108 47017 ta 
if the frequency modulation rate of the input signal is not 
exactly matched to the filter itself, the output envelope 
assumes a different shape. in papers concerned with radar 
utilization of the chirp concept, the effect of target 
velocity, or doppler frequency shift, on incoming signals, 
has been treated as if the change in modulation rate of the 
return- echo is not present. That is, over the frequency 
interval of interest, doppler shift is considered a func- 
tion only of target velocity, independent of frequency. 
However, the magnitude of doppler shift is actually propor- 
tional not only to velocity, but to frequency. Thus the 
effect of a moving target on a chirp type radar would be to 
change the modulation rate of the input. Therefore the 


output would not only be retarded or advanced in time, but 


2/ 


the actual output envelope would assume a different shape, 
Perhaps this envelope shape change could be detected and 
used to correct the range error introduced by the time 
delay. It should be noted however, that the envelope shape 
by itself will not indicate direction of doppler shift but 
only magnitude. This is seen in equation (24) which shows 
that the envelope isa function of the absolute value of 
the difference between the filter constant and the signal 
frequency modulation rate and does not depend on the sign 
of this difference, 

As indicated previously, the chirp filter may be 
thought of as giving an output waveform, in time, which 
under suitable carrier modulation, is the Fourier transform 


of the input time envelope waveform, i.e, 


e 
jlwet -$t"+X) چو وی‎ 


. 00 


g (€) = fa € 


This gives rise to the concept of a spectrum analyzer 
which consists of an input section and a chirp type filter, 
The input section generates a carrier whicn is being fre- 
quency modulated at the filter constant rate and which could 
be amplitude modulated by the input Signal being analyzed. 
By suitable calibration of an output time display, the 
actual frequency components of the input signal could be 
shown. [146] 

Figure (18a) shows output pulse width as a function of 
input pulse width for a chirping rectangular pulse envelope. 
It is interesting to note 171717 product of output pulse 
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width times input pulse width is a constant, I.e. if input 


Sim KTL 
KTE 





pulse width is 2T and output envelope varies as 
then output pulse width times input pulse width equals 
(Ir) ort. Thus for input pulses longer than LÍ, the 
filter acts as a pulse compressor, whereas for inputs of 


shorter duration than! , it is effectively a pulse stretcher. 
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Figure 18. Plot of output pulse width 
versus input pulse width for rectangular 
pulse envelope. (a) matched frequency 
modulated carrier input. (b) constant 
frequency carrier input. 


This property is also exhibited for the gaussian case 
as shown in figure (19a). Consider the pulse width for a 
-Í 

gaussian pulse to be the time between points which aree of 


e . * ° پا‎ 
the maximum value, lf the input is given by soe then 


ENE E 
and the "pulse widths" 


from (11), the output varies ase 
are te t= and r=* Š respectively. The product of input 
and output pulse widths thus defined is equal tot. 
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Figure 19, Plot of output e points versus 
input e'" points, gaussian envelope. (a) 
matched frequency modulated input, (b) con- 
stant frequency carrier. 
For the half cosine envelope the product of first zero 
crossing of input and output for the matched case is also 
a constant,iL. , This relationship is plotted in figure (20a), 
The constant carrier frequency pulse widths are plotted 


in each case for comparison and to indicate how compression 


effect is lost when input signal is mismatched. 
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Figure 20. Plot of first zero crossing, 
input versus outputshalf cosine enve- 

lope. (a) matched frequency modulated 
carrier,and (b) constant frequency carrier. 
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Finally, figure (21) shows output pulse width as a 
function of input carrier modulation rate for constant 


input pulse widths. 
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figure 21, Output pulse width as a 
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It is evident from the curves that by proper pulse 
shaping of matched inputs Side lobe supression and hence 
ambiguity minimization, may be achieved, but only at the 
expense of compression, thereby losing resolution. It is 
also evident that mismatching of the input causes large 
deviations from predicted output, with greatly reduced 
pulse compression, Pulse stretching of even long pulses 
can be achieved if the mismatch is severe enough. ۵ 
figure (11d) shows pulse expansion of two to one when the 
input is chirping in the opposite sense. The output pulse 
width appears linearly related to the carrier modulation 


rate except in the neighborhood of matched conditions. 
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Mae Recommendations For Future Work. 

In this report, the shape of the output envelope for 
various matched and mismatched envelopes has been derived 
and plotted. ‘While analytical expressions for the output 
phase were indicated, there was no attempt to analyze or to 
display this information graphically. This phase structure 
may also be of interest, and hence warrant additional work. 
For example, the problem of indentifying and processing 
doppler shift infornation could be explored by a careful 
analysis of the phase structure of the filter output Signal. 

In addition, it is of interest to inquire about the 
output of a dispersive delay filter when the input is a 
random process, This output would necessarily have to be 
described statistically. In general, the power spectrum 
of the output from a linear filter, in response to a random 
process input, is equal to the power spectrum of the input 
process times the square of the magnitude of the filter 


transfer function [8]. I.e. 


"له دل 


For the ideal dispersive delay filter 


) دي‎ Easy 


Hr e 


and 


Lian iZ 1 


2 


Therefore the power spectrum of the output is identically 
equal to the power spectrum of the input. Another statistic 
that may be meaningful in some applications is the form to 
the output amplitude density function. The problem is then 


to evaluate the amplitude density function of 
Í KET 
aw = کا‎ | e! JN 


where g(t), f(r), and k are as previously defined, except 
that now f(T) is a random process of known amplitude den- 
sity function. For an input random process which is 
gaussian, Davenport and Root [8] have shown g(t) will also 
have a gaussian distribution. However, Papoulis (9] has 
indicated that there are other classes of random processes, 
which could yield a gaussian output process. An examination 
of the above problem could yield meaningful results, ae 
example when considering applications of these dispersive 
delay lines to communications, data processing, and 
measurement systems. 

In a recent articl:, Ward [15] has examined a pulse com- 
pression filter s asss, time duration impulse response. 
In particular, he has derived an output expression for such 
a filter driven by a matched rectangular pulse input. Addi- 
tional work in analysis of this band limited filter for 


arbitrary matched and mismatched inputs, would be of interest. 
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APPENDIX 1 
MATHEMATICAL DERIVATIONS, CONSTANT FREQUSNCY INPUTS 


Output expressions for gaussian envelope, constant 
carrier frequency input, and half cosine wave envelope, 
constant carrier frequency input, will be derived here, 


For the gaussian input, the input signal is of the form 


xoa t 
ç (+) š S. 3 


In order to apply equation (6) the input must be expressed 
as 
(wet + ser) 


>) 7 f(t) € 


Therefore the arbitrary function f(t) becomes 


Use ۱ 

£ (¢) = Po a 
Substituting into equation (6) the output is 
ve he) 


dT 


fe (wet - Sty T) atta jhe 
a(t) iir e J € 3 
« 00 


The integrand, after completing the square in the combined 
exponential becomes 
5 % ` 
( وت‎ ۱۴ - ae 7 + (LE) | 4 کت‎ 
t. (+ ار‎ zu + وله با “ال‎ ۴ 
Substituting 


N ی‎ 
(ara, 3)” E سے‎ 


E 


— 


 ——— و‎ 
— 


the output is 


Kiti MINEN N "a" x 
K Y. Vata i, K „wet K + 5) J ا ۔‎ 
A A € e e * du 
. وه‎ 


2 دا 


ELSE 
6 اح ېو اب‎ 


ملا 
u: »‏ تک 
let -ts uit E ٦ ze‏ 


Grattan a 


\ نن‎ 
"o QR (dee IS € 


Expressing 


رب سا 


and 
۱ a~ 
لان ها‎ ۳ 


er ZIEL. 


پل با 


and realizing that 


00 >? 
Jet s ۳ 
* 05 

the output becomes 


4 ent 
«15 ($) 6 Sannt 


Defining the real output as an envelope, En ig Ct) š 


MET 


+L (AR) 
Es fato s JE (ag) e «ad ein IQ) 


» | 


1 (2) 


and a phase term 


+ 


iç : y 
PDE Wot (teen 


Thus it is shown that the output time function possesses 


a true gaussian envelope with a quadratic phase carrier, 


input, the input signal is of the 


E ex € Wen 


elsewhere 
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For the half cosine wave 


form 
jwot 


cos writ @ 
sz f E 


Expressing the input in a form suitable for equation (6) 


PR رر‎ N ti x 
n JEAN و لد ر‎ ٩ ٩ ۴ 2 
SE نا‎ Te e EEE zu, 


el ce uk é vc 


and substituting yields 


5 ) +u, (ner - EY”) 
sl تست لا‎ 


- 


Lu 


5 vt ut 
Expressing coswt as 4[e’” «6? '] 


dT 


2 iv `+ (t+) 
t 7 a ees 
q(t) = 13, e IC ar 
E 
io (Yt 
+ ys (ret (۴ 4 (t-%) 

e d 19 

TV 

` ÇO, 


Substituting 


Tus: TE (ret + 2) 
Ry fine wm) 


equation I(8) becomes 


d 
o wt awat SEV ] 
MT EU M je ھ٣‎ 
€ 
where us 
K TT 
ني ۰+) ا‎ E atom) 
۱ 3 ۱ کاو‎ 
LEE) ds [5 )+- Ain) 
and Cx 


) and S(x) are the Fresnel cosine anā sine integrals 
respectively defined as 


Y. 
ile peas 
o 
7 
SOZ ets Etat 
e 


22 


The real envelope of the output may be expressed as 


Enfatol "e cos we eco) 6 د‎ 2٧۱ 


tik sinw LE sCb) seus s(c) | 
and nase as 


edler 


a N : ۔(طا‎ 
P(t) = wot + £ - 5 + or: Estar - S( b] < Sinwit Lela) - clh) 


+ Xo TJ coswit Leva) -¢ لل‎ Sim wit ٩ 4۱ - (1 
tos wÈ ا‎ + Sinwit| ele) -cla 
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APPENDIX II 

MATHEMATICAL DERIVATION, MISMATCHED FM INPUTS 
Output expressions for inputs of the form 
„(wet d 2 D 


s(4)= aG) e 


when the filter transfer function is 


(19-90) * 
Ae: PE 
ana 
1 p e pas T 
4 (9) ` o ۱ يعم ا نے‎ 


will be derived here. Two expressions will be derived; 
(a) & less than k and (b) ù greater than k. 
For the case mless than k, the input will be 
708 ۷۹۹۹ 
y (wet s 3+*) 
s(t)? fQ) e 
where 
` ت‎ + 


2) 
£Qy: que ^ 


Equation (6) can be used to evaluate the output, i.e. 
i - مر‎ ( L q 
(wet - Et*s Y) jp EB vt ner] 
درں و‎ Tee e° fe c dr 
- T 


Completing the square in the interrand exponential 


et (te = Nt* (tun n 
Mo E i =a) E fol E ( ا‎ 
T 
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and substituting 


NE CC 


yields 
I و وو وہ دہ‎ TD 
Nc uS Je mu 
a 
where 
ar: k + i 
اا )ته‎ TS hs (3) [r- 25] 





Thus the envelope and phase are 


RETOJ: = X E Ba aac (a) | 


and 
7 2 rr = C (e) c (b) 
009 88998 12 ee 


For the case k greater than k the input will be defined as 


ESA 
Co Yin e: E 


Thus the output becomes 


Jute T - 14) 
= [E € j 


E 


T i 
(zt) t! a ker] 
af v dt 


completing the square and substituting 


ER = (== ue 





yields 
as S YE eI PI y 
ME x) £ 7 (i+ Z) t +Z] J €* T 
A 
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where ۱ 
. et) [ot اپ‎ es PE t 
Thus the envelope and phase are 
i 
[(غ) و ريع‎ = =] £ [ c(o)- < (a)] 
and 


c(b)~ ca) 
$ (+) = سا‎ de lee +5 ERG E Ej 
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